On Equivalence of n-Norms in n-Normed Spaces.

B. Surender Reddy* and Hemen Dutta?

'Department of Mathematics, PGCS, Saifabad, Osmania University, Hyderabad-500004, AP, India.
“Department of Mathematics, Gauhati University, Kokrajhar Campus, Assam, India.

E-mail: bsrmathou@yahoo.coml

hemen duttaOS@rediffmaiI.com2

ABSTRACT

In this paper, we investigate some properties of
linear n-normed spaces and obtained necessary
and sufficient conditions for n-norms to be
equivalent on linear n-normed spaces.
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INTRODUCTION

In [6, 7] Gahler introduced an attractive theory of
2-norm and n-norm on a linear space. Raymond
W. Freese and Y.J. Cho [4] introduced as a
survey of the latest results on the relations
between linear 2-normed spaces and normed
linear spaces, completion of linear 2-normed
spaces. A systematic development of linear n-
normed spaces has been extensively made by
S.S. Kim and Y.J. Cho [8], R. Malceski [5], A.
Misiak [1] and Hendra Gunawan and Mashadi [3].
In this paper, some necessary and sufficient
conditions for n-norms to be equivalent on a
linear n-normed space are given.

Let ne N and let X be a real linear space of
dimension d=n. A real valued function

|o.e.....9|: X" — Rsatisfying the following four
properties:
nN;: ||Xl, Xy peey X, || =0 if and only if

Xi) X5,..., X, are linearly dependent vectors

nN,: ||X1,X2,...,Xn||:HXj1,Xj2,...,XjnH for every

permutation (j;, J,,e-s J,,) of (L,2,...,N)
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ie., ||X1,X2,...,Xn|| is invariant under any

permutation of X, X, ,..., X;,.

NN Xy X e X @Ko | = X0 X0 X4 |

forall c e R

AN 2[|Xys Xg e Xogs Y+ 2] < X0 X Xy 0 Y|

+||X1,X2,...,Xn_l,z|| forall y,z,%,....%X,q € X, is
called an n-norm on X and the pair

(X,||0,0,...,0||) is called a linear n-normed space.

Example 1: [3] Let X =R". Let us define the
function ||.,...,.|| on X by

Xy Xg 1ever Xy = ‘det(xij )‘,

X X Xin

X X X
—abg |’ 22 2n

X X2 o X

where X, = (X, Xip .-, X;,) foreach i=12,...,n.

Then (X,||0,0,...,0||) is a linear n-normed space.

Example 1: Consider the linear space P, of real
polynomials of degree<m on the interval [0,1].

nm
Let X .,

points in[0,1]. For f,f,,...f in P, let us
define

I, f50s £, =0, if
dependent,

be nm+1 arbitrary but distinct fixed

f,, f,,..., f, are linearly
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[ fare ol = OO BT, 06

if f,,f,,.., f, arelinearly independent.

Then ||0,0,...,0|| isan n-normon P, .

Solution: If f, f,,..., f, are linearly dependent,

then || fl, fn|| =0. Conversely assume
in] fL (%) f,(%)... f,(x)|=0 This implies that
i-0

f (%) f,(x)...f,(x)=0 at nm+1 distinct

points. Since the degree of each f, <m, we

must have at least one f,=0.Thus

|| i, o fn||:O if and only if f,f,,.., f are

linearly dependent. Other properties of n-norm

can be verified easily.

A sequence {X } in a linear n-normed space
(X,||0,0,...,0||) is called convergent to x if
lim|x, — X, W,, W;,..., W, =0 forall

k—c0

W,,W,,..., W, € X . It is denoted by X, = X as
kK — o0

A sequence {X,} in a linear n-normed space
(X,||0,0,...,0||) is called Cauchy sequence if

lim X, =Xy, W, , Wy,..., W, | =0 for all

k,m—)oo

W,, Ws,..., W, € X .

A linear n-normed space X is said to be complete
if every Cauchy sequence in X is convergent. A
complete n-normed space is said to be an n-
Banach space.
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SOME ELEMENTARY PROPERTIES

Proposition 1: Let (X,||0,0,...,0||) be a linear n-
normed space.

() If {X,} is a Cauchy sequence in X, then
%o W W W [ W, W, Wy € X kEeN s a
Cauchy sequence of non-negative reals.

(i) If {x,} and {y, } are Cauchy sequences in X
and {o, }is a Cauchy sequence of reals then

{x, + ¥} and {&, X, }are Cauchy sequences in
X.

Proof: (i) Let {X,} is a Cauchy sequence in X.
Then lim X = X3 Wy, Wy, W, [ =0, for —all

,M—>c0

W,, W,,..., W, € X . We have

X s W Wy W |

=[(Xe =X ) + Xy Wy, Wy ooy W |

<X = Xy W Wy, Wy | ][ X s Wy, Wy ey W
(by NN,)  [[Xe, Wy, Wy, W | -

X s W, W, W | < (X = Xy Wy, Wy ey W |
Similarly, we have
X W, Wy W |- X o W Wy W |

B -

Combining the above inequalities, we have
X W W W =y W W |

<[X = Xy, Wy, W,..., W, | > Oas k,m —>o0.

Therefore,

| X Wy Wy ey W [ = [ X W, Wy W[ | — 0
as k,m — 0.

Hence, |x.w. . w,..w w w ,w, isa
Cauchy sequence of non-negative reals.

(i) Let {X, } and {Yy,} be two Cauchy sequences
in X.
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Then,
lim ||X,, — X, Wy, W;,..., W, | =0, for all

k,m—o0

W,, W,,..., W, € X and

W,, Ws,..., W, € X .

Now,

”(Xk +¥i) — (X + ym)’W21W3’"-aWn||

:”(Xk =X )+ (Y —ym),Wz,W3,...,Wn||

<X = Xy W W, W [V = Vi Wy Wy ey W |
—>0as k,m—o0.

Hence, {X, + Y, } is a Cauchy sequence in X.

Let {&,}be a Cauchy sequence of reals. Also
from (i), we have

%o W, W, o W |2 Wy, Wy, ..o W € X is @ Cauchy
sequences of reals. Hence they are bounded. We
can findK;, K, >0 such that |e|<K; and

%> o, W, ..., w, | <K, forall ke N .

We have ||05k X, — X

m~m?

Wy, W,y W |

=|lea X = Xy + XXy — iy X

m~ “%m m’WZ’W3""’W“||
S”akxk —akxm,Wz’Ws’"”Wn"
+ | X — X

m“m?

W, Wy, W, |
= ot | [|Xe = Xons W, Wy, W ||+ |ty — 2|

X W, W, W |

S Ky X = X Wy, Wy ooy W[+ K, ety —
—0,as k,m—>oo0.

Thus, ||05ka — O Xy Wy, Wy e, Wn|| -0

as k,m—>o Hence{x, X}
sequence in X.

is a Cauchy

linear n-normed
space (X ,||0,0,...,0||) , we have the following

Proposition 2: In any

() If X, >X and Yy, >y as kK—oo then
X, + Yy > X+Yyas k>
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(i) If X, >x and o, > as k—>o then
a X, = ax as K— oo

iy 1f dimX>=n andx, — X,
K — 0 then x=y

Ye > Y as

Proof : (i) we have

106+ Vi) = X+ Y)Wy, W, W |

=06 =)+ (Ve = ), W, W, W |

<X = X, Wy W, W [+ Vi = ¥ W, W, W |
—>0as k—>wo

Therefore, X, +Y, > X+Yy as K —>o0

(i) Using the fact that a real convergent sequence
is bounded, we have:

e, — o, Wy, Wy ..., W |

=t X, — o X + o X — X, Wiy, W, W |
<Jler X = X, Wy, Wy ey W, ||+ [ty X = X, Wy, W ..., W,
=ler| X =X Wy, Wy oo W, [+ | —

%, Wy, Wy oo, W |

<K X = X, Wy, Wy oo, W, |+ |, — ]

||X,W2,W3,...,Wn|| for some K >0.

Therefore, «, X, > aX as k-—>o, since

lim|x, —X,W,,W;,...w,|[=0, lima, —a|=0
k—w

k—m

and ||X,W2,W3,..., W, || is finite.

(i) We can write for each keN and
W,, Wy, W, € X, X =y, Wy, Wy..., W |
=[x =X + X = Y, Wy, Wy, W, |

<X = Xy Wy Wy, W | X, = Y W, Wy e, W |

It follows that:

X =y, W,,W;,..., w, || = 0 forall

W,,W,,..., W, € X, since X, > X, Y, =Y as
K —>o0. Hence X—Y,W,,W,,...,W, are linearly
dependent for all w,,w;,...,w, € X. Since
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dimX >n, the only way that X—Yy can be
linearly dependent with all vectors
W,,W,,..,W, € X isfor Xx—y=0=>X=Y.

Proposition 3: Let (X,||0,0,...,0||) be a linear n-

normed space. If x, be a Cauchy sequence in
X, then,

% =%, W, Wa, ooy Wy |- Wy, W, oW € Xk eN is @
Cauchy sequence of non-negative reals for

eachxe X..

Proof: We have ||Xk =X, W,, Ws,..., Wn|| =

X = X+ Xy = X, W, W, W |

<X = Xy W W, W | ][ X, = X, Wy, Wy ey W |
X = X W, W, Wy | = [[X 0 = X, Wy, Wy e, W |
<X = Xy W, W, W |

Similarly, we have,

X = X W, Wy ooy W [ =X = X, Wy Wy W |
<X = Xy W, W, W |

Combining the above inequalities, we have,

| %= X W, Wy W [ =X, = X, W, W, W |
<X = Xpps W W, W |

| %= X W, Wy W [ =X, = X, W, W, W |
as k,m — o0, since {X, } is a Cauchy

sequence.

Hence,  [X =X Wy, Wa,..., Wy ||: W5, W5,..., W, € X is

Cauchy sequence of non-negative reals for
eachXxe X .

Proposition 4: If  lim X —X,w,,Ws,..,w,| = 0
k—o0

then 1im X, Wy, Ws,..., W, | = ||X,W2,W3,...,Wn||.
k—o0

Proof: Let |im||Xk—X,WZ,WS,...,Wn”:O.
k—>o

We have,
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| % W Wy e, W [ = X, W Wy e W |

<% = X, Wy, Wy, W |

It follows that,
[ W W W, = | |50
as k >

Hence,
lim|x,, Wy, Wy, W, [ = X, Wy, Wi,y W

k—o0

Proof of the following two Propositions is easy, so
omitted. For some similar results on n-inner
product spaces, one may refer to Hendra
Gunawan [2].

Proposition 5: Limit of every convergent
sequence in an n-normed space is unique.

Proposition 6: Every convergent sequence in an
n-normed space is a Cauchy sequence.

Now we are ready to give the main Theorem of
this paper.

MAIN RESULTS

In this section we prove necessary and sufficient
conditions for n-norms to be equivalent on linear
n-normed spaces.

Definition 1: Two n-norms ||°,’,---,°||1 and
||o,o,...,0||2 on a linear n-normed space X are said

to be equivalent if there exists constants « >0
and S >0 such that

afa,wy,... W, ||, <[a,w,,...w, |, < Bla,w,,... w,|
vV aw,,..,w,eX.

Theorem 1: Two n-norms ||0,0,...,0||1 and
||0,0,...,0||2are equivalent on a linear n-normed

space if and only if every Cauchy sequence with
respect to one of the n-norms is a Cauchy
sequence with respect to other n-norm.
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Proof: Suppose that two n-norms ||0,0,...,0||l and

||0,0,...,0||2are equivalent on a linear n-normed

space X. Then there exists constants & >0 and
S >0 such that

afa, Wy, W, |, <ja, Wy oo, W ||, < Bla Wy, Wy |

vV a,W,,..,W, € X .For a sequence {X.} in X
we have
(1) | X = Xy Wy oy W, [, <

X = Xy W ooy W [, < BIX, = Xy Wy ey W

for all W,,W;,..., W, € X and k,meN.

The second inequality shows that if {X, } is

Cauchy sequence with respect to ||0,0,...,0||l if
and only if it is a Cauchy sequence with respect
o]l

For the converse part, suppose that the n-norms
are not equivalent. Then without loss of generality
we can assume the following two cases:

(i) we cannot find @ such that

ala, Wy ..., W[, <2, w,,..., w,

vV aw,,.,w, eX.

(ii) we cannot find £ such that
||a,w2,...,wn||2 < ﬁ’||a,w2,...,wn||1
vV a,W,,.,W, € X.

In case (i) for k =1, 2, ...
such that

, there exists X, in X

1
() E”Xk!wzl'“’wn”l > [Xes Wy W

1 1
K o]

2

Lety, = X, ,foreach ke N.

Then,

1
||yk1W21"-’Wn||2 :W —~>0as k—>wo

and using (2) we get
1 1

- = x,W,,.,W
N [ W |

[ W i, = :
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K
Jk

So, using Proposition 6, {y,} is a Cauchy

\/E—moas k>

sequence with respect to ||0,0,...,0||2 but not with

respect to||0,0,...,0||1. Similarly, we can prove

case (ii). Hence the theorem.

Corollary 1: Let ||0,0,...,0||l and ||0,0,...,0||2 be
two equivalent n-norms on a linear n-normed
space X, then X, — X with respect to ||0,0,...,0||1

if and only if X, — X with respect to ||0,0,...,0||2.

Proof: By replacing ‘x, =X, with ‘x, —x" in (1)
of Theorem 1, we get the result.

CONCLUSIONS

The concept of 2-normed spaces was introduced
and studied by Siegfried Gahler, a German
mathematician who worked at the German
Academy of Science, Berlin, in a series of paper
in German language published in Mathematische
Nachrichten in the mid of 1960’s. Later, it was
further generalized and introduced the notion of
n-norm by Misiak.

Very often Gahler has raised the following
questions: What is the real motivation for studying
2-norm structure? Is there a physical situation or
an abstract concept where norm topology does
not work but 2-norm topology does work?

After going through the results of this paper, we
see that while studying n-norm structure the main
issue should be the use of the meaning of n-
norms. We also observe that if a term in the
definition of n-norm represents the change of
shape, and the n-norm stands for the associated
area or center of gravity of the term, maybe we
can think of some plausible applicable of the
notion of n-norm, and then the generalized
convergence make sense. This can also be
viewed as: Suppose for a particular output we
need n-inputs but with one main input and other
(n-1)-inputs are required to complete the process.
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