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ABSTRACT

In this article we define some difference sequence
spaces using a new difference operator. We show
that these spaces can be made BK-spaces under
a suitable norm. We also find their isometrically
isomorphic spaces and thus we find the dual of
some of the spaces. Furthermore we study the
spaces for separable space, reflexive space,
Hilbert space and investigate for solid space,
symmetric space, monotone space, convergence
free and 1-convex space.
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INTRODUCTION

Let w denote the space of all scalar sequences
and any subspace of w is called a sequence

space. Let/ , ¢ and c, be the spaces of

bounded, convergent and null sequences x = (Xg)
with complex terms, respectively, normed by:

. =surf,

The notion of difference sequence spaces was
introduce by Kizmaz [1]. It was generalized by
Tripathy and Esi [4] as follows:

Let m be a fixed positive integer. Then,
Z(A,)={x=(x)ew:A xeZ},
forz=/_, cand co,

where A X =(Amxk)=(xk - Xk+m), forallkeN.
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For m = 1, these spaces becomes ¢, (A), c(A)
and CO(A) introduced by Kizmaz [1].

Tripathy and Esi [4] proved that the
spaceSZ(Am), forz=/_, c and c, are Banach
spaces normed by:

m

= S|+ supia,

r=1

[

A sequence space Eis said to be solid (or
normal) if (X, )e E implies (% )€ E for all

sequences of scalars (ak) with |ak|£1 for
allk e N.

A sequence space E is said to be monotone if it
contains the canonical pre-images of all its step
spaces.

A sequence space E is said to be symmetric if
(X”(kse E whenever(x, ) E, where 7is a

permutation of N .

A sequence space E is said to be convergence
free if (y, )€ E whenever (x,)e Eand y, =0

whenever X, =0.

For r >0, a non-empty subset V of a linear space
is said to be absolutely r-convex if x, y €V and
N"+|u|" <1 together imply that Ax + pyeV. A
linear topological space X is said to be r-convex if
every neighborhood of B6e&X contains an
absolutely r-convex neighborhood of 8 X (see
for instance Maddox and Roles [3]).

A norm |[|.|| on a vector space X is said to be
equivalent to a norm |[.|lp on X if there are
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positive numbers A and B such that for all for
all x e X we have:

Allxlo = [Ix]| = BlIX]lo-

This concept is motivated by the fact that
equivalent norms on X define the same topology
for X.

An isomorphism of a normed space X onto a
normed space Y is a bijective linear operator T: X
— Y which preserves the norm, that is, for all
XeE X,

[ITX]| = [|IX]]. (Hence T is isometric)

X is then called isomorphic with Y, and X and Y
are called isomorphic normed spaces.

Let m be a non-negative integer. Then we define

the following difference sequence spaces using a
new difference operator:

Z(A g )= tx = (x ) e w: A X € Z,

forz=/_, cand co, where,

A(m)x=(A(m)Xk )=(Xk - kam), forall ke N.

MAIN RESULTS

In this section we study the spacesﬁw(A(m)),

C(A(m)) and C, (A(m)) for some linear topological
structures.
Proposition 1. The spacesﬁw(A(m)), C(A(m))

and C, (A(m)) are linear.

Proof. Proof is a routine verification and thus
omitted.

Proposition 2. The spacesﬁw(A(m)), C(A(m))
and C, (A(m)) are normed linear spaces, normed
by:

[

Ay SL:p‘A(m)Xk‘ 1)
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Proof. For x = 8, we have”x”A(m) =0. Conversely,

let ||X||A( ) =0. Then using (2.1), we have,
Sll,(lp‘A(m)Xk‘ =0

This implies that A, x, =0 for all k21.

Next let k = m+1, then A X, m =X —% =0. So

X1:m=0. Proceeding in this way we get x, = 0 for
all k=1. Hence x = 6.

Also,

b s, =t 06+ )
sslip‘A(m) Xk‘ +3Ldp‘A(m) y"‘
=[x, [l -

thus|x+yl, <, -+,

Finally, for any scalar A
”’b‘”%) =3Ldp‘A<m) (A% )‘
=1 NSUPIA X,

= NI[X|

A(m)

This completes the proof.

Proposition 3.

) LAm)ecam)ecdy) and the
inclusions are proper.

C, Co and the

0 !

(i) zc Z(Ayy ), for z =¢
inclusions are proper.

Proof. Proof is trivial.
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Theorem 2. The spacesﬁw(A(m)), C(A(m)) and

C, (A(m)) are Banach spaces under the norm (1).

Proof. Let (x) be a Cauchy sequence
inﬁm(A(m)), where (X) = (XL)= (xl'x'z) for each

i21. Then for a given € > 0, there exist a positive
integer ny such that:

e =

N )=Sldp‘A(m)(X|i( -~ xlj)‘ <gforalli,j2

No

This implies that|A , (X, —X{)| < & for all i, j 2 no
and for all k=1.

This implies that (A(m)x,i() is a Cauchy sequence

in C for all k=1 and so it is convergent in C for all
k=1.

Let lim A(m)XL =y, say for each k1. Considering

i
k=1,2,..., we can easily conclude that limx; =
1—00
Xk, exists for each k=1.
Now we can find that for all i, j = ng

SLdp‘A(m) (X —X{ )‘ <€

Then we have sup
k

Ay (% — lim x})[ < € for all i = ng
J—>x©
Hence,
sup‘A(m) (X, — xk)‘ <¢foralli 2 ny.
k
This implies that (x-x) € EW(A(m) ) Alsoﬁm(A(m))

is linear.

Hence x = x-(xX'x)e ¢ _ (A(m) )
Thus? (A(m) ) is complete.

Similarly it can be shown that the spaces C(A(m))
and C, (A(m)) are complete.
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From the above proof we can easily conclude
that”xi - x‘

L 0 implies‘xli( —Xk‘ —Qasi—
(m)

«, for each k=1. Hence we have the following
proposition.

Proposition 5. The spacesﬁw(A(m)), C(A(m))
and C, (A(m)) are BK- spaces.

Remark 1. From the definition of the operator
Apand A, , it is clear that for Z =/_, c and c,,

(A(m)xk)ez if and only if(Aka ) €Z. Hence itis

obvious that the norms || are

and || |

Ap Afmy

equivalent.

Proposition 2.6. The spaces C(A(m)) and
C, (A(m)) are nowhere dense subsets of
0 (A )-

Proof. From Proposition 3 (iS it follows that the
inclusions C(A(m) ) c/l, (A(m) and
CO(A(m))CEw(A(m)) are strict. Further from
Theorem 2.4, it follows that the spaces C(A(m))
and CO(A(m)) are closed. Hence the spaces
C(A(m)) and CO(A(m)) are nowhere dense
subsets of (OO(A(m) )

Proposition 2. The spacesﬁw(A(m)), C(A(m))
and C, (A(m)) are isometrically isomorphic to the

spaces/ , ¢ and co, respectively.

Proof. For Z =/_, c and c, consider the
mapping T: Z(A(m) )—> Z, defined by:

Tx=y =(A(m)xk), for every xe Z(A(m) )

Then clearly T is linear and
11 = sup|y, | =sup|(A %, | = Il
k k

Hence T is an isometry.
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Also T is one-one, since kerT = {0}.

To show T is on-to, let z = (z) € Z. Consider the
sequence X = (Xx) = (Z1,+.ey Zm, Zms1t Z1, Zmeot

Zoyeunnn.. ). Then xe Z(A(m)) and Tx=z.

Thus T is an isometric isomorphism of Z(A(m))
on-to Z.

Theorem 8. The continuous dual of C(A(m))
andCO(A(m)) is /.

Proof. Proof follows from the fact that continuous
dual of cand cq is ¢, and C(A(m)),

Co (A(m)) are isometrically isomorphic to ¢ and ¢,
respectively.

Theorem 9. The spaces C(A(m)) andCO(A(m))
are separable.

Proof. Since/, is separable, the proof follows

from the fact that if the dual of a normed space is
separable, then the space itself is separable.

Theorem 10. (i)The spaces C(A(m)) andc, (A(m))
are not reflexive.

(i) The spacesC(A(m)) andCO(A(m)) are not
Hilbert space.

(iii) The spaceéw(A(m)) is not a Hilbert space.
(iv) The space / (A(m) ) is not reflexive.

Proof. (i) Since/; is not reflexive, the proof

follows from the fact that if a normed space is
reflexive then its dual is also reflexive.

(if) Proof follows from the fact that every Hilbert
space is reflexive.

(iil) We know that a closed subspace of a Hilbert
space is Hilbert space. Here C(A(m))
andC, (A(m)) are closed subspaces of Kw(A(m))

but both of them are not Hilbert space. So
(OO(A(m)) is not a Hilbert space.
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(iv) We know that a closed subspace of
reflexive Banach space is reflexive. Here C(A

a
)
andC, (A(m)) are closed subspaces of Kw(A(m))
)

but both of them are not reflexive. So Km(A(m)

is not reflexive.

Theorem 11. (i) The space(oo(A(m)) is not
separable.

(ii) The spaceﬁm(A(m)) has no Schauder basis
(basis).

Proof. (i) We can associate for every y €[0,1], a

sequence y = (y;) € ém(A(m) of zeros and ones,

- N Y2 Y3 : ;

where = —=+=24+=—=4.. Since [0,1] is
y BT [0,1]

uncountable, so there are uncountably many

sequences of zeros and ones. For any two

different sequences x and y of Ew(A(m)) we

have [x =y, =SUp[A ) (% = ¥, =1.

If we let each of these sequences be the centers
of neighborhoods, say, of radius 1/3 , these
neighborhoods do not intersect and we have
uncountably in many of them. If D is any dense

set in fw(A(m)), each of these non intersecting
neighborhoods must contain an element of D.

Hence D can not be countable. Since D was an
arbitrary dense set, this shows that ¢ (A(m)) can

not have countable dense subset. Consequently,
‘., (A(m) ) is not separable.

(ii) Proof follows from the fact that if a space has
a basis then it is separable.

Theorem 12. (i) The spacesfw(A(m)), C(A(m))

and C, (A(m)) are not solid spaces.

(ii) The spaces (A ), (A ) and co(A )
(for m > 1) are not symmetric spaces.

(iii) The spacesém(A(m) ) C(A(m)) and C, (A(m))
are not convergence free.
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(iv) The spacesﬂm(A(m)), C(A(m)) and C, (A(m))
are not monotone.

(v) The spacesﬁw(A(m)), C(A(m)) and CO(A(m))
are 1-convex.

Proof. We can find same results (i) to (v) for the
spacesfw(Am), C(Am) and CO(Am) in Tripathy

and Esi [4]. Hence the results (i) to (v) follow by
remark 1.
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