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ABSTRACT 
 
In this article we define some difference sequence 
spaces using a new difference operator. We show 
that these spaces can be made BK-spaces under 
a suitable norm. We also find their isometrically 
isomorphic spaces and thus we find the dual of 
some of the spaces. Furthermore we study the 
spaces for separable space, reflexive space, 
Hilbert space and investigate for solid space, 
symmetric space, monotone space, convergence 
free and 1-convex space.    
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INTRODUCTION 
 
Let w denote the space of all scalar sequences 
and any subspace of w is called a sequence 
space. Let , c and c0 be the spaces of 
bounded, convergent and null sequences x = (xk) 
with complex terms, respectively, normed by: 

∞l

                                                              

k
k

xx sup=
∞

. 

 
The notion of difference sequence spaces was 
introduce by Kizmaz [1]. It was generalized by 
Tripathy and Esi [4] as follows: 
 
Let m be a fixed positive integer. Then,  
                               

= , ( )mZ Δ ( ){ Zxwxx mk ∈Δ∈= : }
 
for Z = , c and c0,  ∞l
 
where = = , for all kxmΔ ( )kmxΔ ( )mkk xx +− ∈N. 
 

For m = 1, these spaces becomes ( )∞ Δl , ( )c Δ  

and ( )0c Δ introduced by Kizmaz [1]. 
 
Tripathy and Esi [4] proved that the 
spaces ( )mZ Δ , for Z = , c and c0 are Banach 
spaces normed by: 

∞l

 

m
x

Δ
= ∑

=

m

r
rx
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+ km
k

xΔsup  

 
A sequence space E is said to be solid (or 
normal) if ( ) Exk ∈ implies ( )k kx Eα ∈  for all 

sequences of scalars ( k )α  with 1≤kα  for 

all Nk∈ .  
 
A sequence space E is said to be monotone if it 
contains the canonical pre-images of all its step 
spaces. 
 
A sequence space E is said to be symmetric if 

( )( ) Ex k ∈π whenever ( ) Exk ∈ , where π is a 

permutation of . N
 
A sequence space E is said to be convergence 
free if ( ) Eyk ∈ whenever and ( ) Exk ∈ 0=ky  

whenever 0=kx . 
 
For r >0, a non-empty subset V of a linear space 
is said to be absolutely r-convex if x, y ∈V and 
|λ|r+|μ|r ≤1 together imply that λx + μy∈V. A 
linear topological space X is said to be r-convex if 
every neighborhood of θ∈X contains an 
absolutely r-convex neighborhood of θ∈X (see 
for instance Maddox and Roles [3]). 
 
A norm ||.|| on a vector space X is said to be 
equivalent to a norm ||.||0 on X if there are 
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positive numbers A and B such that for all for 
all x X∈ we have: 
 
A||x||0 ≤ ||x|| ≤ B||x||0. 
 
This concept is motivated by the fact that 
equivalent norms on X define the same topology 
for X. 
 
An isomorphism of a normed space X onto a 
normed space Y is a bijective linear operator T: X 
→ Y which preserves the norm, that is, for all 
x∈X, 
  
||Tx|| = ||x||. (Hence T is isometric) 
 
X is then called isomorphic with Y, and X and Y 
are called isomorphic normed spaces. 
  
Let m be a non-negative integer. Then we define 
the following difference sequence spaces using a 
new difference operator: 
                              
( ))(mZ Δ = ( ){ }Zxwxx mk ∈Δ∈= )(: , 

 
for Z = , c and c0, where,  ∞l
 

xm)(Δ = ( )km x)(Δ = , for all k( )mkk xx −− ∈N. 
 
 
MAIN RESULTS 
 
In this section we study the spaces ( ))(mΔ∞l , 

( ))(mc Δ  and ( ))(0 mc Δ  for some linear topological 
structures. 
 
Proposition 1. The spaces ( ))(mΔ∞l , ( ))(mc Δ  

and ( ))(0 mc Δ  are linear. 
 
Proof. Proof is a routine verification and thus 
omitted.   
 
Proposition 2. The spaces ( ))(mΔ∞l , ( ))(mc Δ  

and ( ))(0 mc Δ  are normed linear spaces, normed 
by: 
 

)( m
x

Δ
= km

k
x)(supΔ    (1) 

 

Proof. For x = θ, we have
)( m

x
Δ

=0. Conversely, 

let 
)( m

x
Δ

=0. Then using (2.1), we have, 

 

km
k

x)(supΔ =0  

 
This implies that ( )m kxΔ =0 for all k≥1. 
 
Considering k = 1,……, m, we get xk = 0, by 
taking x1-m, x2-m,….., x0 = 0.  
 
Next let k = m+1, then ( ) 1m mx +Δ = 1 m 1x x+ − =0. So 
x1+m=0. Proceeding in this way we get xk = 0 for 
all k≥1. Hence x = θ. 
 
Also, 
 

)( m
yx

Δ
+ = )(sup )( kkm

k
yx +Δ  

                   ≤ km
k

x)(supΔ + km
k

y)(supΔ  

                   =
)( m

x
Δ

+
)( m

y
Δ
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Thus

)( m
yx

Δ
+ ≤

)( m
x

Δ
+

)( m
y

Δ
 

 
Finally, for any scalar λ 
 

)( m
x

Δ
λ = )(sup )( km

k
xλΔ  

              =| λ| km
k

x)(supΔ  

              = | λ|
)( m

x
Δ

. 

 
This completes the proof. 
 
 
Proposition 3.  
 
(i) ( ))(mΔ∞l ⊂ ( ))(mc Δ ⊂ ( ))(0 mc Δ  and the 
inclusions are proper. 
 
(ii) Z⊂ ( ))(mZ Δ , for Z = , c, c0 and the 
inclusions are proper. 

∞l

 
Proof. Proof is trivial. 
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Theorem 2. The spaces ( ))(mΔ∞l , ( ))(mc Δ  and 

( ))(0 mc Δ  are Banach spaces under the norm (1). 
 
Proof. Let (xi) be a Cauchy sequence 
in ( ))(mΔ∞l , where (xi) = ( )i

kx = (  for each 
i≥1. Then for a given ε > 0, there exist a positive 
integer n0 such that: 

)1 2, ,...i ix x

                           

)( m

ji xx
Δ

− = )(sup )(
j

k
i
km

k
xx −Δ < ε for all i, j ≥ 

n0  
 
This implies that )()(

j
k

i
km xx −Δ < ε for all i, j ≥ n0 

and for all k≥1.  
 
This implies that ( )i

km x)(Δ  is a Cauchy sequence 
in C for all k≥1 and so it is convergent in C for all 
k≥1. 
 
Let = yk, say for each k≥1. Considering 

k =1, 2, . . ., we can easily conclude that = 

xk, exists for each k≥1. 

i
kmi

x)(limΔ
∞→

i
ki

x
∞→

lim

 
Now we can find that for all i, j ≥ n0 

)(sup )(
j

k
i
km

k
xx −Δ < ε 

 

Then we have ( )sup ( lim )ji
m k kjk

x x
→∞

Δ − < ε for all i ≥ n0  

Hence, 
 

)(sup )( k
i
km

k
xx −Δ < ε for all i ≥ n0. 

 
This implies that (xi-x)∈ ( ))(mΔ∞l . Also ( ))(mΔ∞l  
is linear.  
 
Hence x = xi-(xi-x)∈ ( ))(mΔ∞l .  
 
Thus ( ))(mΔ∞l  is complete. 
 
Similarly it can be shown that the spaces ( ))(mc Δ  

and ( ))(0 mc Δ  are complete. 
 

From the above proof we can easily conclude 
that

)( m
xxi

Δ
− → 0 implies k

i
k xx −  → 0 as i → 

∞, for each k≥1. Hence we have the following 
proposition. 
 
Proposition 5. The spaces ( ))(mΔ∞l , ( ))(mc Δ  

and ( ))(0 mc Δ  are BK- spaces. 
 
Remark 1. From the definition of the operator 

mΔ and ( )mΔ , it is clear that for Z = , c and c0, ∞l

( )km x)(Δ ∈Z if and only if Z. Hence it is 

obvious that the norms 

( )km xΔ ∈

mΔ
 and 

)( mΔ
 are 

equivalent. 
   
Proposition 2.6. The spaces ( ))(mc Δ  and 

( ))(0 mc Δ  are nowhere dense subsets of 

( ))(mΔ∞l . 
 
Proof. From Proposition 3 (i) it follows that the 
inclusions ( ))(mc Δ ⊂ ( ))(mΔ∞l  and 

( ))(0 mc Δ ⊂ ( ))(mΔ∞l  are strict. Further from 

Theorem 2.4, it follows that the spaces ( ))(mc Δ  

and ( ))(0 mc Δ  are closed. Hence the spaces 

( ))(mc Δ  and ( ))(0 mc Δ  are nowhere dense 

subsets of ( ))(mΔ∞l . 
 
Proposition 2. The spaces ( ))(mΔ∞l , ( ))(mc Δ  

and ( ))(0 mc Δ  are isometrically isomorphic to the 

spaces , c and c0, respectively. ∞l
 
Proof. For Z = , c and c0, consider the 

mapping T: 
∞l

( ))(mZ Δ → Z, defined by:  
 
T x = y = ( )km x)(Δ , for every x∈ ( ))(mZ Δ . 
 
Then clearly T is linear and                          
||Tx|| = k

k
ysup = ( )km

k
x)(sup Δ  = ||x||. 

 
Hence T is an isometry. 
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Also T is one-one, since kerT = {0}.  
 
To show T is on-to, let z = (zk)∈Z. Consider the 
sequence x = (xk) = (z1,…., zm, zm+1+ z1, zm+2+ 
z2,…….). Then x∈ ( ))(mZ Δ  and T x = z.  
                         
Thus T is an isometric isomorphism of ( ))(mZ Δ  
on-to Z. 
 
Theorem 8. The continuous dual of ( ))(mc Δ  

and ( ))(0 mc Δ  is . 1l

 
Proof. Proof follows from the fact that continuous 
dual of c and c0 is  and 1l ( ))(mc Δ , 

( ))(0 mc Δ  are isometrically isomorphic to c and c0, 
respectively. 
 
Theorem 9. The spaces ( ))(mc Δ  and ( ))(0 mc Δ  
are separable. 
 
Proof. Since  is separable, the proof follows 
from the fact that if the dual of a normed space is 
separable, then the space itself is separable. 

1l

 
Theorem 10. (i)The spaces ( ))(mc Δ  and ( ))(0 mc Δ  
are not reflexive. 
 
(ii) The spaces ( ))(mc Δ  and ( ))(0 mc Δ  are not 
Hilbert space. 
 
(iii) The space ( ))(mΔ∞l  is not a Hilbert space. 
 
(iv) The space ( ))(mΔ∞l  is not reflexive. 
 
Proof. (i) Since  is not reflexive, the proof 
follows from the fact that if a normed space is 
reflexive then its dual is also reflexive. 

1l

 
(ii) Proof follows from the fact that every Hilbert 
space is reflexive. 
 
(iii) We know that a closed subspace of a Hilbert 
space is Hilbert space. Here ( ))(mc Δ  

and ( ))(0 mc Δ  are closed subspaces of ( ))(mΔ∞l  
but both of them are not Hilbert space. So  

( ))(mΔ∞l  is not a Hilbert space. 

(iv) We know that a closed subspace of a 
reflexive Banach space is reflexive. Here ( ))(mc Δ  

and ( ))(0 mc Δ  are closed subspaces of ( ))(mΔ∞l  

but both of them are not reflexive. So ( ))(mΔ∞l  
is not reflexive. 
        
Theorem 11. (i) The space ( ))(mΔ∞l  is not 
separable. 
 
(ii) The space ( ))(mΔ∞l  has no Schauder basis 
(basis). 
 
Proof. (i) We can associate for every y/∈ [0,1], a 
sequence y = (yi) ∈ ( ))(mΔ∞l  of zeros and ones, 

where y/ = 31 2
2 3 ....

2 2 2
yy y

+ + +  Since [0,1] is 

uncountable, so there are uncountably many 
sequences of zeros and ones. For any two 
different sequences x and y of  

 
( ))(mΔ∞l  we 

have
)( m

yx
Δ

− = )(sup )( kkm
k

yx −Δ =1. 

If we let each of these sequences be the centers 
of neighborhoods, say, of radius 1/3 , these 
neighborhoods do not intersect and we have 
uncountably in many of them. If D is any dense 
set in ( ))(mΔ∞l , each of these non intersecting 
neighborhoods must contain an element of D. 
 
Hence D can not be countable. Since D was an 
arbitrary dense set, this shows that ( ))(mΔ∞l  can 
not have countable dense subset. Consequently, 

( ))(mΔ∞l  is not separable.       
 
(ii) Proof follows from the fact that if a space has 
a basis then it is separable. 
 
Theorem 12. (i) The spaces ( ))(mΔ∞l , ( ))(mc Δ  

and ( ))(0 mc Δ  are not solid spaces. 
 
(ii) The spaces ( ))(mΔ∞l , ( ))(mc Δ  and ( ))(0 mc Δ  
(for m > 1) are not symmetric spaces. 
 
(iii) The spaces ( ))(mΔ∞l , ( ))(mc Δ  and ( ))(0 mc Δ  
are not convergence free. 
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(iv) The spaces ( ))(mΔ∞l , ( ))(mc Δ  and ( ))(0 mc Δ  
are not monotone. 
 
(v) The spaces ( ))(mΔ∞l , ( ))(mc Δ  and ( ))(0 mc Δ  
are 1-convex.  
 
 
Proof. We can find same results (i) to (v) for the 
spaces ,  and  in Tripathy 
and Esi [4]. Hence the results (i) to (v) follow by 
remark 1. 

( )mΔ∞l ( mc Δ ) )( mc Δ0
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