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ABSTRACT 
 
In this article we introduce the concept of 
lacunary I-convergent sequence of fuzzy real 
numbers and the spaces and . 
We also obtain some inclusion relations 
between these spaces. 
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INTRODUCTION 
 
The works on I-convergence of real valued 
sequences was initially studied by Kostyrko, 
Šalàt, and Wilczyński [3]. Later it was further 
studied by Šalàt, Tripathy, and Ziman [6], [7] and 
many others. 
 
The concept of fuzzy sets was initially 
introduced by Zadeh [8]. Later on sequences of 
fuzzy real numbers have been discussed by 
Nanda [4], Nuray and Savas [5] and many 
others. 
 
A lacunary sequence is an increasing integer 
sequence θ = ( ) such that  = 0 and 

, as r→∞. The intervals 

determined by 

rk 0k
∞→−= −1rrr kkh

θ  and it will be defined by = 

( ] and the ratio 

rJ

rr kk ,1−
1−r

r

k
k will be defined by 

rφ . 
 
Freedman, Sember, and Raphael [2] defined the 
space in the following way: For any lacunary 

sequence 
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θ = ( ),  rk
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The space  is a BK space with the norm θN
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0
θN  denotes the subset of these sequences 

in for which θN θ  = 0, (  , ) is also a BK 
space. 
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DEFINITIONS AND NOTATIONS 
 
Let S be a non-empty set. Then a non empty 
class I ⊆  (power sets of S) is said to be an 
ideal if I is additive (i.e. A, B∈ I ⇒ A ∪ B ∈ I), 
and hereditary (i.e. A∈ I, B ⊆ A ⇒B ∈ I). 

S2

 
An ideal I ⊆  is said to be non trivial if I ≠ . S2 S2
 
A fuzzy real number X is a fuzzy set on R , i.e. a 
mapping X: R → J (= [0, 1]) associating each 
real number t with its grade of membership X(t). 
 
A fuzzy real number X is called convex if X(t) ≥ 
X(s) ∧ X(r) = min (X(s), X(r)), 
 
where s < t < r. If there exists ∈ R such that 

X( ) = 1, then the fuzzy real number X is called 
normal. 

0t

0t

 
The α-level set of a fuzzy real number X, 0 < α ≤ 
1 denoted by αX  is defined as: 
 

αX = {t ∈ R : X(t) ≥α}. 
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A fuzzy real number X is said to be upper semi-
continuous if for each ε > 0, 1−X ([0, a+ε]), for all 
a ∈J is open in the usual topology of R. The set 
of all upper semi-continuous, normal, convex 
fuzzy number is denoted by R(J). 
 
Let D denote the set of all closed and bounded 
intervals X = [ , ] on the real line R. For X = 

[ , ] and Y = [ , ] in D, we define X ≤Y if 

and only if  ≤  and ≤ . Define a metric 
d on D by, 

1x 2x

1x 2x 1y 2y

1x 1y 2x 2y

 
d(X, Y ) = max{|  − |, |  − |}. 1x 1y 2x 2y
 
It is known that (D, d) is a complete metric space 
and “≤” is a partial order on D. 
 
The absolute value |X| of X ∈R(J) is defined as 
 

|X|(t) =  
⎩
⎨
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Let d : R(J) × R(J) → R be defined by 
 
d (X, Y ) = . ),(sup

10

αα

α
YXd

≤≤

 
Then d defines a metric on R(J). 
 
We define X ≤ Y if and only if αX ≤ αY , for all  
α∈ J. The additive identity and multiplicative 
identity in R(J) are denoted by  0  and  1 , 
respectively. 
       
A sequence ( ) of fuzzy real numbers is said 

to be convergent to a fuzzy real number  if for 

every ε > 0, there exists ∈N such that 

kX

0X

0n
d ( , ) < ε, for all  kX 0X
k ≥ . 0n
     
A sequence ( ) of fuzzy real numbers is said 
to be I-convergent if there exists a fuzzy real 
number  such that for each ε > 0, the set: 

kX

0X
 
{k ∈N : d ( , )≥ε} ∈ I. kX 0X
 
We write I- lim  = . kX 0X
     

If I =  (class of all finite subsets of N), then 

- convergence coincides with the usual 
convergence of fuzzy numbers. 

fI

fI

      
Let θ = ( ) be lacunary sequence. Then a 

sequence ( ) of fuzzy real numbers is said to 
be lacunary I- convergent if for every ε > 0 such 
that:  
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We write - lim = X. θI kX
 
Let θ = ( ) be lacunary sequence. Then a 

sequence ( ) of fuzzy real numbers is said to 
be lacunary I - null if for every ε > 0 such that: 
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We write - lim =θI kX 0 . 
 
Let θ = ( ) be lacunary sequence. Then a 

sequence ( ) of fuzzy real numbers is said to 
be lacunary I-Cauchy if there exists a 
subsequence ( ) of ( ) such that 

rk

kX

)(/ rX r kX
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X ′  and for 

every ε > 0 such that: 
                   
{r ∈N : ε≥∑

∈
′
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rJk
rkkr XXdh ),( )(
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A lacunary sequence θ ′  = ( (r)) is said to be a 
lacunary refinement of the lacunary sequence 

k ′
θ  

= ( ) if ( ) ⊂ (rk rk k ′ (r)). 
 
Throughout , , ,  and 

 denotes all, bounded, lacunary I-
convergent, lacunary I-null and I-bounded class 
of sequences of fuzzy real numbers, 
respectively. 
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MAIN RESULTS 
 
Theorem 1. A sequence ( ) of fuzzy real 

numbers is -convergent if and only if - 
Cauchy sequence. 

kX
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Proof. Let ( )∈  be a sequence of fuzzy 
real numbers. Then there exists X∈C such that 

− lim  = X. 

kX F
Ic )( θ

θI kX
 

Write  = {r∈ N : )(iH ∑
∈

− <
rJk

kr i
XXdh 1),(1 }, for 

each i∈N. 
  
Hence for each i, ⊇  and  )(iH )1( +iH

{r∈N : ∑
∈

− <
rJk

kr i
XXdh 1),(1 }∉I. 

 
We choose  such that , then  1k 1kr ≥
{r∈N : ∑

∈

− <
rJk

kr XXdh
1

1
1),(1 }∉I. 

 
Next we choose >  such that r ≥ , then 

{r∈ N : 

2k 1k 2k

∑
∈

− <
rJk

kr XXdh
2

2 2
1),(1 }∉I. 

 
For each r satisfying ≤ r < , choose 

∈  such that: 
1k 2k

)(rk ′ rJ
 
{r∈N : ∑

∈′
′

− <
rJrk

rkr XXdh
)(

)(
1 1),( }∉I.            
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Then for all r satisfying ≤ r < , such that pk 1+pk
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Therefore, for every ε > 0, we have: 
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Then ( ) is a - Cauchy sequence. 

Conversely suppose ( ) is a -Cauchy 
sequence. Then for every ε > 0, we have: 
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It follows that ( ) is a -convergent 
sequence. 

kX θI

 
 
Theorem 2. If  θ ′  is a lacunary refinement of a 
lacunary sequence θ and ( )∈ , then 

( )∈ . 
kX F
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Let  be the sequence of intervals ( ) 
ordered by increasing right end points. 

∞
=1

* )( jjJ /
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Theorem 3.  Let ψ be a set of all lacunary 
sequences. 
 
(a) If  ψ is closed under arbitrary union, then  
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(b) If  ψ is closed under arbitrary intersection, 
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(c) If  ψ is closed under union and intersection , 
then ⊆ ⊆ . F

Ic )( μ F
Ic )( θ F
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Proof. (a) By hypothesis we have μ∈ψ which is 
a refinement of each θ ∈ψ. Then from theorem 
2, we have if ( )∈  implies that 

( )∈ . 
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Thus for each θ ∈ψ, we get ⊆ . The 
reverse inclusion is obvious.  
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(c) By part (a) and (b), we get: 
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