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ABSTRACT

In this article we introduce the concept of
lacunary I-convergent sequence of fuzzy real

numbers and the spaces (C,)rand ((C}),)e .

We also obtain some inclusion relations
between these spaces.
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INTRODUCTION

The works on [-convergence of real valued
sequences was initially studied by Kostyrko,
Salat, and Wilczynski [3]. Later it was further
studied by Salat, Tripathy, and Ziman [6], [7] and
many others.

The concept of fuzzy sets was initially
introduced by Zadeh [8]. Later on sequences of
fuzzy real numbers have been discussed by
Nanda [4], Nuray and Savas [5] and many
others.

A lacunary sequence is an increasing integer
sequence €= (K,) such that k, = 0 and

h, =k, —k,, >, as r—»». The intervals
determined by € and it will be defined by J, =
(K,_, K, ] and the ratio Xr_will be defined by

kr—l
4,

Freedman, Sember, and Raphael [2] defined the
space N, in the following way: For any lacunary

sequence 6= (k,),
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N, = {(x,):limh*>|x,—L]|= 0, for some
r—o0 kelr

L}.

The space N, is a BK space with the norm

(%) lly =sup he™ 371 %, |-

kel,

N g denotes the subset of these sequences

in N, for which @ =0, (NJ , ||.|l,) is also a BK
space.

DEFINITIONS AND NOTATIONS

Let S be a non-empty set. Then a non empty

class | c 2° (power sets of S) is said to be an
ideal if | is additive (ie. A, Be | => AU B € ),
and hereditary (i.e. Ace , BCc A=B e ).

An ideal I c 2° is said to be non trivial if 1 £ 2° .

A fuzzy real number Xis a fuzzy seton R, i.e. a
mapping X: R —» J (= [0, 1]) associating each
real number t with its grade of membership X({).

A fuzzy real number X is called convex if X(t) >
X(8) A X(r) = min (X(s), X(1)),

where s < t < r. If there exists 1, € R such that

X(t,) =1, then the fuzzy real number X is called
normal.

The a-level set of a fuzzy real number X, 0 < a <
1 denoted by X “ is defined as:

X *={teR:X(t)=0}.

203
Volume 10. Number 2. November 2009 (Fall)



A fuzzy real number X is said to be upper semi-

continuous if for each ¢ > 0, X * ([0, ate]), for all
a <J is open in the usual topology of R. The set
of all upper semi-continuous, normal, convex
fuzzy number is denoted by R(J).

Let D denote the set of all closed and bounded
intervals X = [X;, X, ] on the real line R. For X =
[X;,X,]and Y=1Y,,Y,]in D, we define X <Y if

and only if X, <y, and X, <Y, . Define a metric
don D by,

dX, Y)=max{|X; = Yi|. | X; = Y, [}

It is known that (D, d) is a complete metric space
and “<” is a partial order on D.

The absolute value |X] of X eR(J) is defined as

_fmax{X(t), X(-t)}, if t > 0;
0= { 0,if t<0.

Let d : R(J) x R(J) — R be defined by

dX vY)= sup d(X*,Y“).

0<a<l
Then d defines a metric on R(J).

We define X < Yif and only if X “< Y *, for all
ae J. The additive identity and multiplicative

identity in R(J) are denoted by 0 and 1,
respectively.

A sequence ( X, ) of fuzzy real numbers is said
to be convergent to a fuzzy real number X, if for
every ¢ > 0, there exists N, eN such that
d(X,.X,)<g, forall

k>n,.

A sequence ( X, ) of fuzzy real numbers is said
to be Il-convergent if there exists a fuzzy real
number X, such that for each ¢ > 0, the set:

{keN:d (X,,X,)ze el

We write /- lim X, = X,.
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If I =1, (class of all finite subsets of N), then

| ;- convergence coincides with the usual
convergence of fuzzy numbers.

Let O= (kr) be lacunary sequence. Then a
sequence ( X, ) of fuzzy real numbers is said to

be lacunary I- convergent if for every ¢ > 0 such
that:

{reN:h* > d(X,,X)=¢ el

kel,
We write |, -1im X, = X.

Let &= (k,) be lacunary sequence. Then a
sequence ( X, ) of fuzzy real numbers is said to
be lacunary I - null if for every ¢ > 0 such that:

{reN:h* > d(X,,0)>¢ }el

kel,
We write |, -lim X, =0.

Let &= (k,) be lacunary sequence. Then a
sequence ( X, ) of fuzzy real numbers is said to
be Jlacunary [-Cauchy if there exists a
subsequence (X!(r)) of (X,) such that

k'(r)eJ,, foreachr, limX/(r)= X' and for
r—o
every ¢ > 0 such that:

ren:h* Y d (X, Xep) = el

ked,

A lacunary sequence 6’ = (k' (r))is said to be a
lacunary refinement of the lacunary sequence 6

= (k) if (k) = (K (7).

Throughoutw,, (¢, )¢.(Ch)e.((cs),)s and

(¢'). denotes all, bounded, lacunary I

convergent, lacunary I-null and I-bounded class
of sequences of fuzzy real numbers,
respectively.
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MAIN RESULTS

Theorem 1. A sequence (X,) of fuzzy real

numbers is |,-convergent if and only if |,-
Cauchy sequence.

Proof. Let (X, )e (C;). be a sequence of fuzzy
real numbers. Then there exists XeC such that

l,-lim X, =X

Write H ;) ={re N: ht Zd(Xk,X)< }, for

ked,
each jieN.

Hence for each i, H M2 H (M) and

{reN: h™* Zd(xk,X)< Yel.
ked,

We choose K; such that r >k, , then
{reN:h* Za(xkl,X)<l}el.

kied,

Next we choose K, > Kk; such thatr>k2,then

fre N:ht (X, ,X)<—}el

kyed,

For each r satisfying k,<r <Kk, , choose
k'(r) e J, such that:

{reN: h™* ZJ(XW), X) <1}el

k'(r)ed,

In general, we choose K, >k, such that r >

K, then:

reN:h* > J(XKM,X)<%}e/.

kp+1e‘]r

Then for all rsatisfying K <r< kK, , such that

p+1

{reN:h™* Z J(Xk,(r),X)<%}el.

k'(r)ed,
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Thus we get k" () €J,, for each r and
lim X

r—ow

k() =
Therefore, for every ¢ > 0, we have:

freN:ht Y d (X, X)) 2 €)c

k,k'ed,

{re N:h™* Zd(xk,X)>—}

ked,

Uren:ht S J(Xk,(r),X)zg}.

K'(r)ed,

ie.{reN:ht T (X, X)) 2 ede .

k.k'ed,

Then (X,) is a |,- Cauchy sequence.

Conversely suppose (X,) is a |,-Cauchy
sequence. Then for every ¢ > 0, we have:

fre N:h Y d(X,, X) = ek

ked,

{f'EN: hr_:L z J(Xk’xk'(r))zg}

k.Ked,

Uren:ht S J(Xk,(r),X)zg}.

K'(r)ed,

It follows that ( X, ) is a |, -convergent
sequence.

Theorem 2. If @' is a lacunary refinement of a
lacunary sequence 6 and (X, )e(C, )¢, then

(Xk)e (Cel’)F-

Proof. Suppose that for each J, of @ contains
the points (K, )7 of 'such that:

kr_ <k/, <kr’2 <...<K/,m= k., where
(kr -1 t]'
Since K, < (k'(r)), sor, n(r) 1.
- 205 -
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Let (J ;)T;l be the sequence of intervals (J; , ) Thus for each @ € y, we get (CL)F <(c))s . The

ordered by increasing right end points. reverse inclusion is obvious.
Since (X, )e (C, )¢ , then for each € > 0, Hence (CL)F = ﬂ(c;)F .
Oey

eN: ()™ Dod (X, X) = elel

Jj <,

(b) By part (a) and theorem 2, we have:

(C;)F =U(Cé)|= -
~K,y.s0hl = k!,
- kr/ - (c) By part (a) and (b), we get:

(CL)FQ(C;)F g(ClI/)F .

Also since h, =k,

For each ¢ > 0, we have:
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