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ABSTRACT 
 
In this article we introduce some new type of 
sequence spaces  
 
c{M, ,Λ, p},  mΔ

0c {M, , Λ, p}, mΔ

and {M, , Λ, p}.  ∞l
mΔ

 
Also studied some different properties and 
established some inclusion relations.  
 
(AMS Classification Number: 40 A05, 40 C05, 46 A45, 

40 D25) 
 

(Keywords: paranom, Orlicz function, solid space, 
symmetric space) 

 
 
INTRODUCTION 
 
Throughout w, c, ,  denote the spaces of all, 
convergent, null, and bounded sequences, 
respectively. 

0c ∞l

 
The notion of difference sequence space was 
introduced by Kizmaz [5] as follows: 
 
X(Δ)= {(xk) ∈ w: (Δxk) ∈X}, for X = c, ,  , 
where Δxk = xk – xk+1 , for all k∈N.  

0c ∞l

 
Later on this subject was generalized by Et and 
Colak [1] as follows:  
 
Z( ={ (xk)∈w: ( xk)∈Z}                                           )nΔ nΔ      

for X = , c, ,where n∈N ; xk = xk, for all  
k∈N, and  

∞l 0c 0Δ

nΔ xk =
1−Δn xk -

1−Δn xk+1 = ,  ν
ν

ν

ν +
=
∑ ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
− k

n

x
n

0
)1(

for all k∈N. 
 
The notion of paranormed sequence spaces was 
introduced by Nakano [11] and Simons [14]. It 
was further investigated by Maddox [10], 
Lascarides [7] and many others.  
 
We write r = (rk) =( ). 1−

kp
 
An Orlicz function is a function M: [0,∞) →[0, ∞), 
which is continuous , non-decreasing and convex 
with M(0) = 0, M(x)>0 for  x>0 and M(x) →∞, as 
x→∞. 
 
The study of Orlicz sequence spaces was 
initiated with certain specific purpose in Banach 
space theory. Indeed Lindberg [9] got interested 
in Orlicz spaces in connection with finding 
Banach spaces with symmetric. Subsequently 
Lindenstrauss and Tzafriri [8] investigated these 
Orlicz sequence spaces in detail. Later on, 
different classes of sequence spaces defined by 
Orlicz function were studied by Nung and Lee 
[12], Woo [16], Parashar and Choudhary [13] and 
many others. The Orlicz sequence spaces are the 
special case of Orlicz spaces studied by [6].  
 
The scope for the studies on sequence spaces 
was extended by using the notion of an 
associated multiplier sequence. Goes and Goes 
[3], defined the differentiated sequence space dE  
and integrated sequence space  for a given ∫E
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sequence space E, by using the multiplier 
sequences (k-1) and (k) respectively. Tripathy [15] 
used a general multiplier sequence  Λ = (λk) of 
non-zero scalars for his studies on sequence 
spaces, associated with multiplier sequences.  
 
In this paper we shall consider a general 
multiplier sequence Λ= (λk) of non–zero 
scalars.Then for a sequence space E, the 
multiplier sequence space E(Λ) ,associated with 
the multiplier sequence  Λ is defined as: 
 
E(Λ) = { }Exwx kkk ∈∈ )(:)( λ . 
 
 
DEFINITIONS AND PRELIMINARIES 
 
DEFINITION. A sequence space E is said to be 
solid (or normal) if (xk)∈E and (αk) a sequence of 
scalars with |αk| 1, for all k∈N , then (αk xk)≤ ∈E . 
 
DEFINITION. A sequence space E is said to be 
symmetric if  whenever (xk)Ex k ∈)( )(π ∈E , 

where π is a permutation of  N. 
 
Let M= (Mk) be a sequence of Orlicz functions. 
We introduce the following sequence spaces 
associated with a multiplier sequence Λ= (λk) is a 
sequence of non-zero scalars:  
         
c{M, ,Λ, p}= mΔ

( )[ ]
⎭
⎬
⎫

⎩
⎨
⎧ >=

⎭⎬
⎫

⎩⎨
⎧∈ Δ

∞→
0,0lim:)( |)(| ρρ

λ someforrMwx k

px
kkk

k
k

m
k

; 
 

0c {M, ,Λ, p}= mΔ

( )[ ]
⎭
⎬
⎫

⎩
⎨
⎧ >∈=

⎭⎬
⎫

⎩⎨
⎧∈ −Δ

∞→
0,0lim:)( |)(| ρρ

λ andCLsomeforrMwx k

pLx
kkk

k
k

m
k

;  
 

∞l {M, ,Λ, p}= mΔ

( )[ ]
⎭
⎬
⎫

⎩
⎨
⎧ >∞<

⎭⎬
⎫

⎩⎨
⎧∈ Δ 0,sup:)( |)(| ρρ

λ someforrMwx k

px
k

k
k

k
k

m
k

 
 
DISCUSSION 
 
(i) Let Mk(x) = x, for all k in N and m = 1, then the 
spaces c{ ,Λ, p}, { ,Λ, p} and {Δ 0c Δ ∞l Δ , Λ, 
p}introduced and studied by Tripathy [15]. 

(ii) Let Mk(x) = x and λk = 1, for all k in N and m = 
0, then the spaces {p}, c{p} and {p} are 
studied by Lascarides [7]. 

0c ∞l

 
(iii) Let Mk(x) = x , λk = 1, pk =1, for all k in N and 
m = 0, then c, and  are the spaces of 
convergent, null and bounded sequences 
respectively.  

0c ∞l

 
The following results will be used for establishing 
some results of this article. 
 
LEMMA 1 (Lascarides [7],Proposition 1).  
Let h = , H = . Then the following 

conditions are equivalent: 

kk
pinf k

k
psup

 
        (i) H< ∞ and h > 0; 
        (ii) (p) =  or (p) = ; 0c 0c ∞l ∞l

        (iii) {p} = (p); ∞l ∞l

        (iv) {p} = (p); 0c 0c
        (v) l {p} = (p). l
 
LEMMA 2 (Lascarides[7], Corollary 1).  
Let p, q be two sequences of strictly positive 
numbers. Then {p}≅ {q} if and only if there 
exists a sequence u = (uk) of strictly positive 
numbers such that  

0c 0c

                         

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
− −

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−

− 1
11

1

suplimlim k
p
kkk qpu

kq

kp
k η

η  =0  

                 (1) 
and                 

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
− −

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−

− 1
11

1

suplimlim k
q
kkk pqu

kp

kq
k η

η =0 

                                                         (2) 
 
LEMMA 3 (Lascarides[7], Corollary 2).  
Let the sequence a = (ak)= ( )11 −− − kk p

k
q
k pq . Then 

{p}≅ {q}(a) if and only if the following 
conditions hold: 

0c 0c

 
( )11suplimlim

−+−− kk pq
k ηη =0              (3) 

and 
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( )=0                         (4) 
11suplimlim
−+−− kk qp

k ηη

LEMMA 4 (Lascarides[7], Corollary 3).  
Let the sequence a = (ak)= ( )11 −− − kk p

k
q
k pq . Then 

( )
kk qpk

11lim −
∞→

=0 implies {p}≅ {q}(a). 0c 0c
 
 
LEMMA 5(Lascarides [7],Proposition 3).  
Let fk = 

k

k
q
p , for every k∈N. Let (fk) and ( ) both 

be in . Then {p}≅ {q}(f). 

1−
kf

∞l ∞l ∞l
 

 
LEMMA 6 (Lascarides[7], Theorem 3).  
Let q∈ . Then {p}⊆ {q}if and only if  ∞l ∞l ∞l

1

)(inflim
−− kk pq

kkk Jpq >0 , for every integer J >1.        
                                              (5) 

 
 
LEMMA 7 (Lascarides[7], Theorem 4).  
Let q∈  and {p}≅ {q}, then (p)≅ (q). ∞l 0c 0c 0c 0c
 
 

MAIN RESULTS 
 

THEOREM 1. For any sequence p = (pk) of strictly positive real numbers, the classes c{M, mΔ ,Λ, 
p}, {M, ,Λ, p}and {M, ,Λ , p} are linear spaces.  0c mΔ ∞l

mΔ
 
PROOF. We prove the result for the case c{M, mΔ ,Λ, p}. The rest of the results follow similarly.  Let (xk), 
(yk) ∈ c{M, ,Λ, p} and α,β be two scalars in C. Then there exist mΔ 1ρ >0 and 2ρ >0 such that: 
 

                       
∞→k

lim ( )[
⎭⎬
⎫

⎩⎨
⎧ −Δ

k

pLx
k rM

k
k

m
k

1

1 |)(|
ρ

λ ] =0, for some L1∈C, 

             and    
∞→k

lim ( )[
⎭⎬
⎫

⎩⎨
⎧ −Δ

k

pLx
k rM

k
k

m
k

2

2 |)(|
ρ

λ ] =0, for some L2∈C. 

 
Let ρ = max {2|α| 1ρ , 2|β| 2ρ }. Then we have: 
 

( )[ ]
⎭⎬
⎫

⎩⎨
⎧ +−Δ+Δ

k

pLLyx
k rM

k
k

m
k

m
k

ρ
βαβαλ |)}(){(| 21 ≤ D ( )[ ]

⎭⎬
⎫

⎩⎨
⎧ −Δ

k

pLx
k rM

k
k

m
k

1

1 |)(|
ρ

λ +D ( )[ ]
⎭⎬
⎫

⎩⎨
⎧ −Δ

k

pLx
k rM

k
k

m
k

2

2 |)(|
ρ

λ , where D = 

max (1, 2H-1) and H = <∞ .  k
k

psup

 
Taking limit k→∞ on both sides of the above inequality, we have:  
 
 ( )()( kk yx βα + )∈c{M, ,Λ, p}. mΔ
 
Therefore c{M, ,Λ, p} is a linear space. mΔ
 
 
THEOREM 2. Let 0< ≤ < ∞, then the space {M,kpinf kpsup ∞l

mΔ ,Λ, p}is a paranormed space, 
paranormed by  

Δf (x) = ( )[ ]∑
=

Δ

≥ ⎭
⎬
⎫

⎩
⎨
⎧ >≤

⎭⎬
⎫

⎩⎨
⎧+

m

s
k

x
k

k
s someforrMx kpk

m
kK

kp

1

|)(|

1
0,1sup:inf||

1

ρρ ρ
λ , 

where K= max(1,H). 
 
PROOF. Clearly (x) = (-x). Since Mk (0) = 0, for all k∈N.  We get {Δf Δf Δf θ } = 0, for x = θ . 
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Let x = (xk), y = (yk) be two elements of {M,∞l
mΔ ,Λ , p}and let us choose 1ρ >0 and 2ρ >0 such that: 

                      ( )[ ] 1sup
1

1

|)(|

1
≤

⎭⎬
⎫

⎩⎨
⎧ Δ

≥

kpk
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k
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≤

⎭⎬
⎫
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⎧ Δ

≥

kpk
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k
k
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k

k
rM ρ

λ  

 
Let ρ = 1ρ + 2ρ . Then we get: 
 

          ( )[ ]
⎭⎬
⎫
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⎧ Δ+Δ

≥

kpk
m

k
m

k
k

yx
k

k
rM

1
|)(|

1
sup ρ

λ  

                                  ≤ ( )
21

1
ρρ

ρ
+ ( )[ ]

⎭
⎬
⎫

⎩
⎨
⎧ Δ

≥

kp
k

m
k

k
x

k
k

rM
1

1

|)(|

1
sup ρ

λ + ( )
21

2
ρρ

ρ
+ ( )[ ]

⎭⎬
⎫

⎩⎨
⎧ Δ

≥

kpk
m

k
k

y
k

k
rM

1

2

|)(|

1
sup ρ

λ ≤1 

 Now, 

           (x + y) = + inf Δf ∑
=

+
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s
ss yx

1
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                          ≤ (x)+ (y) Δf Δf
 
Finally let γ be a given scalar in C, then the continuity of the scalar multiplication follows from the following 
equality: 
 

    (γ x) = ∑ + inf Δf
=

m

s
sx

1

|| γ ( )[ ]
⎭
⎬
⎫

⎩
⎨
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where t = ||γ
ρ .  This completes the proof. 

 
COROLLARY 1. Let p∈ , then the spaces c{M,∞l

mΔ ,Λ, p}and {M,0c mΔ ,Λ, p}are paranormed spaces, 

paranormed by defined above. Δf
 
THEOREM 3. Let p∈ , then the spaces c{M,∞l

mΔ ,Λ, p}, {M,0c mΔ ,Λ, p}and {M, ,Λ , p}( with inf 

pk>0) are complete paranormed spaces, paranormed by . 
∞l

mΔ

Δf
 
PROOF. Let (xn)∈ {M, ,Λ , p} be a Cauchy sequence, where xn =  , for all n∈N. Then, we 
have,  

∞l
mΔ ∞

=1)( k
n
kx

 
)( ji xxf −Δ →0, as i, j →∞. 

 



For a given ε>0, let u and  be such that 0v
0vu

ε >0 and ( )2
0vu
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From (6), we have,  
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By the continuity of Mk , we have:  
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Let i ≥  and taking infimum over ρ , we have, 0n
                           <ε. )( xxf i −Δ

Then ∈ {M, ,Λ , p}. )( xxi − ∞l
mΔ

Therefore x = xi- ∈ {M, ,Λ , p}, since {M,)( xxi − ∞l
mΔ ∞l

mΔ ,Λ , p}is a linear space. 

Hence {M, ,Λ , p}is complete. The other results follow in similar way. ∞l
mΔ
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PROPOSITION 1. The spaces c{M, ,Λ, p}, {M,mΔ 0c mΔ ,Λ, p}and {M,∞l
mΔ ,Λ , p}are K-spaces. 

Proof follows by the Theorem 3. 
 
 
THEOREM 4. Let M = (Mk) be a sequence of Orlicz functions. Then {M,0c mΔ ,Λ, p}⊂ c{M, ,Λ, 

p}⊂ {M, ,Λ , p}and the inclusion is proper. 

mΔ

∞l
mΔ

 
 
PROOF. The inclusion {M, ,Λ, p}⊂ c{M,0c mΔ mΔ ,Λ, p} is obvious. We need to show  

 c{M, ,Λ, p}⊂ {M, ,Λ , p}. mΔ ∞l
mΔ

 
Let x = (xk)∈ c{M, ,Λ, p}. Then there exists some positive numbermΔ ρ >0 such that,  

                  
∞→k

lim ( )[ ]
⎭⎬
⎫

⎩⎨
⎧ −Δ

k

pLx
k rM

k
k

m
k

ρ
λ |)(| =0. 

 
Since Mk is non-decreasing and convex, we have  
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where H = and D = max (1, 2H-1).  k
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Thus x∈ {M, ,Λ , p}.  Next to show that the inclusions are strict consider the following example. ∞l

mΔ
 
Example 1. Let pk = 3, for k even and pk = 4, for k odd. Let m ≥0 be given. 
 
Let Mk(x) = x2, for all x ∈[0,∞) and kλ =1, for all k∈N .  

Consider the sequence x = ( , , ,-,-, -).  mk mk mk
Then x∈ c{M, ,Λ, p}, but x does not belongs to {M,mΔ 0c mΔ ,Λ, p}. 
 
 
COROLLARY 2. The spaces {M,0c mΔ , Λ, p} and c{M, mΔ ,Λ, p} are nowhere dense subsets of 

{M, ,Λ , p}.  The proof of the result follows from theorem 1. The proofs of the following results are 
easy, so omitted. 

∞l
mΔ

 
 
THEOREM 5. Let M= (Mk) and U= (Uk) be sequences of Orlicz functions those satisfy the -condition, 
then: 

2Δ

       (a) if (pk)∈ , then Z{M, ,Λ, p}⊆ Z{M.U,∞l
mΔ mΔ ,Λ, p};  

       (b) Z{M, ,Λ, p}∩ Z{U, ,Λ, p}}⊆ Z{M+U,mΔ mΔ mΔ ,Λ, p}, and 
       (c) Z{M, Λ, p}⊆ Z{M, ,Λ, p}; for Z= ,c, . mΔ 0c ∞l
 
RESULT 1. The spaces {M, ,Λ, p}, c{M,0c mΔ mΔ ,Λ, p}and {M,∞l

mΔ ,Λ , p}are not solid,  for m>0. 
Proof of the result follows from the following example. 
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Example 2. Let kλ =1, for all k∈N ; Mk(x) = x2, for all x ∈[0,∞) and pk = 1, for k even and pk = 2, for k odd. 

Consider a sequence (xk) defined by xk =( ), where = ( , , -----),for all k∈N, then (xk)∈ 

{M, ,Λ, p}. 

i
kx i

kx 1−mk 1−mk 1−mk

0c mΔ
 
Now consider ( kα ) defined as kα = (-1)k, for all k∈N.   

Thus ( kα xk) does not belong to {M, ,Λ, p}, for m>0. 0c mΔ

To show that c{M, ,Λ, p}and {M, ,Λ , p}are not solid, for m>0.  mΔ ∞l
mΔ

Consider the sequence x = (xk) = ( ) and mk kα = (-1)k, for all k∈N. 
 
 
RESULT 2. The spaces {M, ,Λ, p}, c{M,0c mΔ mΔ ,Λ, p}and {M,∞l

mΔ ,Λ , p}are not symmetric,  for m>0. 
 
 
PROOF. The spaces are not symmetric follows from the following example. 
 
 
Example 2. Let kλ =k, for all k∈N ; Mk(x) = x2, for all x ∈[0,∞) and pk = 1, for k odd and pk = 2, for k even. 
Consider a sequence x = (xk) defined by: 
          (xk) = ( , , ,-,-,-), for all k∈N. 2k 2k 2k
 
Then x∈ {M, ,Λ, p},for m =1. 0c mΔ
Let the rearrangement (yk) of (xk) be,  
            (yk) = ( , , , , , , , , , ,-,-,-). 1x 2x 4x 3x 9x 5x 16x 6x 25x 7x
 
Then (yk) does not belong to Z{M, ,Λ, p}, for m >0, where Z= ,c, . mΔ 0c ∞l
Hence the result follows. Proofs of the following results follows from the lemmas listed in the section 2. 
 
 
PROPOSITION 2. Let h = , H = . Then the following conditions are equivalent: kk

pinf k
k

psup

        (i) H< ∞ and h > 0; 
       (ii) {M, ,Λ, p}= (M, ,Λ, p); 0c mΔ 0c mΔ

       (iii) {M, ,Λ , p}= (M, ,Λ , p). ∞l
mΔ ∞l

mΔ
 
 
PROPOSITION 3. Let p, q be two sequences of strictly positive numbers. Then     

0c {M, ,Λ, p}≅ {M, ,Λ, q} if and only if there exists a sequence u = (uk) of strictly positive numbers 
such that the equations (1) and (2) holds. 

mΔ 0c mΔ

 
 
PROPOSITION 4. Let the sequence v = (vk)= ( )11 −− − kk p

k
q
k pq . Then {M,0c mΔ ,Λ, p} ≅ {M, ,Λ, q}(v)  0c mΔ

if and only if the equations (3) and (4) holds. 
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PROPOSITION 5. Let the sequence v = (vk)= ( )11 −− − kk p
k

q
k pq . Then ( )

kk qpk
11lim −

∞→
=0 implies {M,0c mΔ ,Λ, 

p}≅ {M, ,Λ, q}(v). 0c mΔ
 
 
PROPOSITION 6. Let  =kg

k

k
q
p , for every k∈N. Let ( ) and ( ) both be in . Then {M,kg 1−

kg ∞l ∞l
mΔ ,Λ , p}≅ 

{M, ,Λ , q} (g). ∞l
mΔ

 
 
PROPOSITION 7. Let q be a bounded sequence of strictly positive numbers. Then {M,∞l

mΔ ,Λ, 

p}⊆ {M, ,Λ , q}if and only if the equation (5) hold.   ∞l
mΔ

 
 
PROPOSITION 8. Let q be a bounded sequence of strictly positive numbers and 

0c {M, ,Λ, p}≅ {M, ,Λ, q}, then (M,mΔ 0c mΔ 0c mΔ ,Λ, p) ≅ (M,0c mΔ ,Λ, q). 
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